Abstract. We study Hochschild (co)homology groups of the Dunkl operator quantization of Z 2 -singularity constructed by Halbout and Tang. Further, we study traces on this algebra and prove a local algebraic index formula.
Introduction
Quantizations of symplectic orbifolds were constructed by many authors, i.e. [MM] , [P] , and [T] . The main idea in the constructions is that the classical quantization methods on a symplectic manifold M can be made equivariantly with respect to the action of a finite group G, and therefore can be generalized to the orbifold M/G. Let us denote the algebra of quantized functions by A M/G (( )). With the efforts of many authors, i.e. [DE] , [NPPT] , [PPT] , [PPT2] , [PPTT] , we have come to understand the Hochschild and cyclic (co)homology groups of and algebraic index theory on A M/G (( )).
In [HT] , modeled by the Dunkl operator, Halbout and Tang constructed an algebra A M/Z 2 (( 1 ))(( 2 )) as an interesting deformation of the algebra A M/Z 2 (( )) when G = Z 2 . This deformation is a global version of a symplectic reflection algebra introduced by Etingof and Ginzburg [EG] . We devote this paper to study Hochschild (co)homology groups of the algebra A M/Z 2 (( 1 ))(( 2 )). Such study could not only help in understanding the algebra A M/Z 2 (( 1 ))(( 2 )), but also shed light on the relationship between this algebra and the geometry of the singularity. Our hope is that our efforts in this paper could eventually lead to a full generalization of the algebra A M/Z 2 (( 1 ))(( 2 )) to general A n type singularities.
Halbout and Tang's original construction (See Section 4 of [HT] ) of A M/Z 2 (( 1 ))(( 2 )) is through a global gluing procedure. Such a global construction makes it difficult to compute the cohomology groups of this algebra. Our solution to this problem is construct a presheaf of algebras on M/Z 2 , the space of global sections of which defines the algebra A M/Z 2 (( 1 ))(( 2 )). This crucial improvement gives the key to compute the Hochschild homology of the algebra A M/Z 2 (( 1 ))(( 2 )). It turns out to coincide with shifted Chen-Ruan cohomology groups of M/Z 2 with coefficients in C(( 1 ))(( 2 )). To compute the Hochschild cohomology HH
• (A M/Z 2 (( 1 ))(( 2 )), A M/Z 2 (( 1 ))(( 2 ))) of the algebra A M/Z 2 (( 1 ))(( 2 )), we were first tempted to apply Van Den Bergh duality [Vdb1] , [Vdb2] in the framework of bornological algebras following [DE] . However, it is not clear that even in this context, A M/Z 2 (( 1 ))(( 2 )) has a resolution by finitely generated bimodules. We therefore, proceed to prove that there exists θ ∈ HH 2n (A M/Z 2 (( 1 ))(( 2 ))) such that the cap product θ ∩ − : HH
• (A M/Z 2 (( 1 ))(( 2 )), A M/Z 2 (( 1 ))(( 2 ))) → HH 2n−• (A M/Z 2 (( 1 ))(( 2 )))
is an isomorphism of C(( 1 ))(( 2 ))-modules. This is proven by verifying a similar assertion for the algebra of quantum functions on M/Z 2 .
1
With a good understanding of the Hochschild (co)homology groups of the algebra A M/Z 2 (( 1 ))(( 2 )), we study traces on this algebra, together with a related local algebraic index theorem. Our main new discovery is an explicit trace formula on the Dunkl-Weyl algebra D 2 (( 1 ))(( 2 )) generalizing Fedosov's γ-trace [PPT] . Using this local trace, we define an global trace on the algebra A M/Z 2 (( 1 ))(( 2 )) following the idea of [PPT] . We prove a local index formula for the evaluation of this trace on 1. This local index formula may be viewed as a homological detector of the fact that A M/Z 2 (( 1 ))(( 2 )) is a second quantization of the ring of quantum functions on M/Z 2 . By the Hochschild homology of A M/Z 2 (( 1 ))(( 2 )), we know that there should be one more trace on this algebra that forms a C(( 1 ))(( 2 ))-basis for the space of traces on A M/Z 2 (( 1 ))(( 2 )) along with the trace that we have explicitly constructed. Unfortunately, we have not been able to give a local explicit construction of the latter trace. Instead, we succeed in giving an abstract construction of this trace using functors in the derived category of sheaves. It would be very interesting to have a better understanding of this trace, and we plan to come back to this question in the future.
1.1. Organization of this paper. This paper is organized as follows. In Section 2, we study properties of the Dunkl-Weyl algebra D 2 (( 1 ))(( 2 )). We compute its Hochschild (co)homology groups. We prove an explicit trace formula on D 2 (( 1 ))(( 2 )). In Section 3, we compute the Hochschild (co)homology groups of the algebra A M/Z 2 (( 1 ))(( 2 )) with a refined construction of this algebra. By the end of Section 3, we are left with some technical propositions that have to be proven in order to complete the proofs of the main results in this section. In Section 4, we study traces on A M/Z 2 (( 1 ))(( 2 )) and prove a local algebraic index formula. We use our knowledge of trace densities to prove the technical propositions required to complete the main results of Section 3.
Remark. Alternatively, by suitably modifying the proof of Proposition 6 of [DE] , we can prove that B θ (( 2 )) is in the class of V B(2n) (See Proposition 2 of [DE] ), then we can obtain the Hochschild cohomology of B θ (( 2 )) from its Hochschild homology using the Van den Bergh duality [Vdb1] - [Vdb2] .
Let n = 1, G = Z 2 with the generator γ of G acting on C x, y by multiplication by −1. Consider the formal symplectic reflection algebra
Recall that there is a vector space isomorphism between C[x, y] ⋊ Z 2 (( 1 ))(( 2 )) and R identifying the commutative monomial x a y b with the image in R of the (noncommutative) monomial x a y b . Let e := 1+γ 2 and let
Note that D 2 (( 1 ))(( 2 )) is isomorphic (as C( ( 1 ))(( 2 ))-modules) to the spherical subalgebra eRe of R. Explicitly, this isomorphism identifies f ∈ D 2 (( 1 ))(( 2 )) with f.e ∈ eRe. As a result, the product on R induces a star product on D 2 (( 1 ))(( 2 )). It was shown in [HT] that the star product on D 2 (( 1 ))(( 2 )) induces a star product on
denotes the open disc of radius ǫ centered at the origin in R 2 ). This was done by exhibiting an explicit Moyal-type formula for the product on D 2 (( 1 ))(( 2 )) (Theorem 3.10 of [HT] 
) equipped with the star product induced by that on D 2 (( 1 ))(( 2 )). The proof of the following proposition is completely analogous to that of a part of Proposition 1. It is therefore omitted. More generally, Proposition 2 holds with R 2 replaced by D ǫ in the definition of D 2 (( 1 ))(( 2 )). We remark that D 2 (( 1 ))(( 2 )) is a bornological algebra with a canonical bornology coinciding with both the precompact bornology as well as the von Neumann bornology (see Appendix A of [PPTT] for definitions), and that the tensor powers used to define Hochschild chains of D 2 (( 1 ))(( 2 )) are bornological.
Proposition 2.
2.2. The trace formula. Proposition 2 shows that D 2 (( 1 ))(( 2 )) has, upto scalar, a unique trace. For compatibility of our notation with that of [HT] , we put z := x + iy, z := x − iy where i := √ −1. In this subsection, we prove the following explicit formula for a trace on D 2 (( 1 ))(( 2 )). For a real number r, let ⌊r⌋ denote the greatest integer ≤ r.
Before proving Theorem 2, we remark that equation (2) can be interpreted as a character formula for the spherical subalgebra D 2 of the formal symplectic reflection algebra R. It would, for instance, be interesting to have analogous formulas for spherical subalgebras of arbitrary formal symplectic reflection algebras. It would then be interesting to compare generalizations of (2) for formal Cherednik algebras with character formulas in [BEG] and [BEG1] .
Proof. We first show (2) for any polynomial f (z,z) in D 2 (( 1 ))(( 2 )). We shall perform our computations in R, keeping in mind that D 2 (( 1 ))(( 2 )) is the spherical subalgebra e.R.e of R (e := 1+γ 2
). To begin with,
It follows that
It also follows that
Note that z 2 and z p−2zp are elements of D 2 (( 1 ))(( 2 )) for any p ≥ 2. It follows from this and (7) (with p = k + 1) that
Since γ.e = e, and each f ∈ D 2 (( 1 ))(( 2 )) is identified with f.e ∈ R,
It follows from this that [zz,
Equation (2) follows from (11) and (9) (2) clearly makes sense. To complete the proof of the desired theorem, we only need to verify that for arbitrary
= 0 where φ is given by (2). Let k be an arbitrary positive integer. By Theorem 3.10 of [HT] and (2), the coefficients of l 1 in φ([f, g]) for l ≤ k depend only on the jets of f and g at (0, 0) of order ≤ p(k) for some function p : N → N. Since φ is indeed a trace on D 2 (( 1 ))(( 2 )) and since there exists a polynomialf ∈ C [z,z] Z 2 (resp.g ∈ C[z,z] Z 2 ) whose jets upto order ≤ p(k) at (0, 0) coincide with those of f (resp. g), the coefficients of
Recall from [FFS] that sp 2n−2 acts on W n−1 (( 1 )) by derivations. Introduce coordinates w 1 , .., w 2n−2 with w 2i−1 = p i and w 2i = q i . Suppose that ω 0 = i dq i ∧ dp i = 
Proposition 3. The derivative of the above U(1)-action maps 1 ∈ u 1 to the derivation
Proof. One notes that for the curve θ(t) = t,
The first equality above is by the chain rule and the second equality above is by equation (10).
) with the Lie bracket [ , ] 1 . It follows that one has a map of Lie algebras
Further recall that a sp 2n−2 -basic reduced Hochschild cocycle τ 2n−2 of W n−1 (( 1 )) is constructed in [FFS] . Let ψ 2n−2 be the unique Hochschild 2n−2-cocycle of
Proposition 4. ψ 2n−2 is sp 2n−2 ⊕ u 1 -basic. In other words, for any γ
Proof. We verify this proposition for the case when γ = µ ⊗ 1 with µ ∈ sp 2n−2 and the case when γ = 1 ⊗ ν with ν ∈ u 1 . The case when γ ∈ C(( 1 ))(( 2 )) is easy to handle and left to the reader.
The last equalities in (16) and (17) are because τ 2n−2 is a sp 2n−2 -basic cocycle by [FFS] .
The last equality in (19) is because the cocycle τ 2n−2 is normalized (see [FFS] ).
2.4.
A local Riemann-Roch theorem. For notational brevity, we use K to denote (R) and note that sp 2n−2 (K) and u 1 (K) are Lie subalgebras of gl n (R) via (12) and the diagonal embedding R ֒→ gl n (R). Let h : K) . By section 3.1 and 3.2 of [FFS] , ψ 2n−2 may be viewed as a 2n − 2-Lie cocycle Ψ 2n−2 ∈ C 2n−2
Lie (g, h; K) is evaluation at the identity. We compute ev 1 Ψ 2n−2 . For this purpose, we closely follow Section 5 of [PPT] .
Choose coordinates p 1 , .., p n−1 , q 1 , ..., q n−1 of R 2n−2 and a coordinate z of C 1 . For an element a ∈ R, let a i denote the homogenous component of degree i. Note that a 2 = i,j a ij w i w j + αz 2 + βzz + λz 2 where w 2i−1 = p i and w 2i = q i . Let a
be the curvature of pr with
One then has a Chern-Weil homomorphism χ :
Proof. The proof is almost identical to that of Proposition 5.2 in [FFS] . The only (minor) difference is that for p, q ≥ 0,
Form the subspace
Proposition 6. W n−1,1,N is a Lie-subalgebra of gl n (R).
Proof. W n−1,1,N is clearly a subspace of gl n (R). The rest follows from direct computations. For example, if g 1 =g 1 (q 1 , ..., q n−1 )z 2k 1 and if g 2 =g 2 (q 1 , ..., q n−1 )z 2k 2 , then
Note that in the above computation, we have used equation (10).
Proof. The proof of Proposition 5.2 in [PPT] goes through in this case as well with minor changes which we shall point out. γ = Id and W γ k,n−k,N is replaced by W n−1,1,N . With notation paralleling that in the proof of Proposition 5.2 on [PPT] , the basis of W n−1,1,N comprises of q α j z 2β j p j ⊗ 1, q α z 2β zz ⊗ 1 and q αst z 2βst ⊗ E st where α, α j and α st are multiindices, β j , β, β st ∈ N ∪ {0} and E st denotes an elementary matrix. As in [PPT] , we study the h 1 -action on Hom K 
j=1 q j p j ⊗ 1 and σ 2 := zz ⊗ 1 act diagonally in this case as well. The formula for the σ 1 -action is unchanged from that in [PPT] . That for the σ 2 -action is changed from the corresponding formula in [PPT] by a factor of i := √ −1. We present the formulas here in order to be explicit.
The rest of the proof proceeds as in the proof of Proposition 5.2 of [PPT] with the obvious modifications.
Here, ⋆ denotes the star product in D 2 (( 1 ))(( 2 )) and X 2 ∈ u 1 (K) is viewed as an element of D 2 (( 1 ))(( 2 )) via equation (12). We are now in a position to state the local Riemann-Roch.
Proof. By Proposition 5, there exists a unique polynomial
Since Q is h-invariant, it is determined by its value on the Cartan subalgebra a of h. a is spanned by q i p i ⊗ 1 for 1 ≤ i ≤ n − 1, zz ⊗ 1 and 1 ⊗ E rr for 1 ≤ r ≤ N. By Proposition 5 and Proposition 7, we have the following commutative diagram, whose vertical arrows are injective for k ≤ n − 1.
Further, h and h 1 have the same Cartan subalgebra a. Since invariant polynomials are determined by their values on a, the horizontal arrow in the top left of the above diagram is an injection. It follows that the horizontal arrow in the bottom left of the above diagram is an injection as well. Therefore, in order to determine Q, one may work with the restriction of g to W n−1,1,N . The identity required to prove the desired theorem then becomes an identity of cocycles rather than an identity at the level of cohomology. Hence,
We now show that Q = (−1) n−1 (Â 1 Ch φ Ch) n−1 as follows. Put
As in the proof of Lemma 5.3 of [FFS] , it follows that
for any x 1 , .., x n−1 of the form u ij for j ≤ i,v ir or w i . As in the proof of Lemma 5.3 in [FFS] , equation (21) uniquely determines the polynomial Q. Proceeding as in the proof of Lemma 5.3 of [FFS] , one shows that Q coincides with the polynomial whose restriction to a satisfies
Here, µ n−1 and ψ are exactly as in Section 2.3 of [FFS] . Proceeding exactly as in the proof of Theorem 5.3 of [PPT] , one then shows that
This proves the desired theorem.
Remark. We note that every element X 2 ∈ u 1 (K) is of the form τ zz for some τ ∈ K. Applying Theorem 2, one immediately obtains the following formula for Ch φ (X 2 ).
Let M be a smooth, compact symplectic manifold with a symplectic Z 2 -action. Let ω denote the symplectic form on M. Let M γ 2 -denote a collection of codimension 2 components of the submanifold M γ of points fixed by the Z 2 -action. In [HT] , Halbout and
with characteristic class ω. In this section, we compute HH • (A M/Z 2 (( 1 ))(( 2 ))) as well as the Hochschild cohomology HH
Starting from this section, we consider C ∞ (M), A M/Z 2 (( 1 )), and A M/Z 2 (( 1 ))(( 2 )) as bornological algebras with their canonical bornologies ( [PPTT] , A.6.).
Construction of
To start with, we reformulate the construction A M/Z 2 (( 1 ))(( 2 )) of [HT] in a way that makes it convenient to compute Hochschild homology. A M/Z 2 (( 1 ))(( 2 )) is constructed in three steps. Before proceeding with these steps, we fix a Z 2 -invariant almost complex structure on M. This also defines a Z 2 -invariant metric on M. Fix any sufficiently small positive real number ǫ. Let B ǫ denote an ǫ-tubular neighborhood of M γ 2 . Let N denote the normal bundle to M γ 2 . Let N ǫ denote the ǫ-neighborhood of the zero section of N. We require that ǫ be small enough for us to be able to identify B ǫ with N ǫ via the exponential map with respect to some Z 2 invariant metric on N. We fix this exponential map, which we denote by exp.
3.1.1.
Step 1: near M γ . We first explain the construction in the vicinity of M γ 2 . Let P denote the principal U(1)-bundle of Hermitian frames on N. Over M γ 2 , one has the Dunkl-Weyl algebra bundle
One also has a bundle of algebras
The corresponding sheaf of degree 0-flat sections is a sheaf of algebras over M γ 2 , which we shall denote by A D . We note that for any open subset
Consider open subsets on N that are of the form exp −1 (N α,U ), where
In what follows, we shall denote exp −1 (N α,U ) by N α,U itself, since it shall be clear from the context whether we are referring to a tubular neighnorhood of U or its image in N| U via the map exp −1 . Since the star product on ( 2 )). Clearly, the assignment
is a contravariant functor
On open subsets of M that are of the form N α,U with α ≤ ǫ and U a subset of M γ \ M γ 2 , we make the assignment
where ⋆ F is the product coming from the Fedosov quantization of
2 ) with Weyl curvature ω.
3.1.2.
Step 2: away from
with Weyl curvature ω yields a sheaf of algebras on M − with a star product ⋆ F .
3.1.3.
Step 3: patching. Let U be an open subset of M γ 2 . Let N * α,U := N α,U \ {x | x ∈ U}. Since the product on D 2 (( 1 ))(( 2 )) is γ-local, one further has restriction maps
Further, Proposition 4.1 of [HT] argues that (
Note that one has a natural inclusion of algebras
is open and 0 < α ≤ ǫ} forms a base for the topology on M. We denote this base by B ǫ . Consider the assignment
For an open subset V of M
− and an open subset U of M γ 2 , the restriction map ρ N α,U ,V is defined via the isomorphism from Proposition 4.1 of [HT] mentioned above. In all other cases, the restriction maps are natural. 
)) The vertical arrows in the topmost square of the above diagram are the natural restriction maps. Those in the middle square are the isomorphisms from Proposition 4.1 of [HT] . Those in the bottom square are natural inclusions. The bottom square obviously commutes. The commutativity of the top square follows from γ-locality of the product on D 2 (( 1 ))(( 2 )). To understand the middle square, we recall the construction of the isomorphism from Proposition 4.1 of [HT] . This isomorphism is constructed in two steps. To start with, as pointed out in Remark 4.3 of [HT] , one has a U(1)-
where the latter algebra is constructed following Section 3.1.1 after replacing V by
is compatible with restriction to N * β,V for V ⊂ U and β ≤ α. One then appeals to Theorem 5.6 of [K] 
having the same characteristic class, they are isomorphic. The desired proposition therefore follows once we see that the isomorphism from Theorem 5.6 of [K] is compatible with restriction to N * β,V . This follows from the fact that Kravchenko's construction [K] is a local construction using a Fedosov type connection.
Denote the B ǫ -presheaf of algebras on M coming from Proposition 8 by F . One constructs a presheaf of algebras A Dunkl (( 1 ))(( 2 )) on M by setting
Clearly,
Proof
under the isomorphism of Proposition 4.1 of [HT] . By (25), this is precisely how elements of A M/Z 2 (( 1 ))(( 2 )) are constructed in [HT] . That the isomorphism of vector spaces so obtained is an isomorphism of algebras is also immediate from the construction of A M/Z 2 (( 1 ))(( 2 )) from [HT] .
3.1.4. Some important recollections and observations. We recall that the algebra C ∞ (M) comes equipped with a canonical bornology (see Appendix A6 of [PPTT] ). As a result, the algebra C ∞ (M) Z 2 is also equipped with the subspace bornology (which we will still call canonical). This induces bornologies on A M/Z 2 (( 1 )) and A M/Z 2 (( 1 ))(( 2 )). Similarly, sections of the presheaf A Dunkl (( 1 ))(( 2 )) (and other similarly constructed presheaves described in the following paragraphs) over each open V ⊂ M are equipped with the canonical bornology. The isomorphism in Prop 9 is an isomorphism of bornological C(( 1 ))(( 2 ))-modules.
Further, note that for
. This is because the star product on
. One also notes that the restriction map from
. This is immediate once we note that the isomorphism between
used to construct the above restriction map in Proposition 4.1 of [HT] is of the form id + 2 ν 1 + higher order terms in 2 .
One may therefore follow Section 3.1 (Steps 3.1.1-3.1.3) to construct a sub-presheaf
] of the presheaf of algebras A Dunkl (( 1 ))(( 2 )) constructed in Sections 3.1.1-3.1.3. We denote Γ(M,
] as a filtered algebra with
The associated graded algebra with respect to this filtration is clearly A M/Z 2 ( ( 1 ) 
3.2. Computation of Hochschild homology. For the rest of the paper, any Hochschild chain complex of an algebra is a Hochschild chain complex of a bornological algebra. The algebras we are working with are all equipped with canonical bornologies (which coincide with their precompact as well as with their von Neumann bornologies: see Appendix A of [PPTT] for definitions). Recall that if A is a bornological algebra, the (bornological) space of Hochschild k-chains of A is the k + 1-st bornological tensor power of A. The reader may refer to Appendix A of [PPTT] for an excellent introduction to the homological algebra of bornological algebras and modules. Clearly, the assignment
gives a complex of presheaves of C(( 1 ))(( 2 ))-modules on M. We denote this complex of presheaves by C • (A Dunkl (( 1 ))(( 2 ))).
Proposition 10. The natural map
is an isomorphism of C(( 1 ))(( 2 ))-modules.
Proof. It is clear that
Further, as complexes of presheaves on M,
Further, the above isomorphism of complexes of presheaves is Z 2 -equivariant. Since cohomology commutes with direct limits, the desired proposition follows from Proposition 11, which follows.
Proposition 11. The natural map
Proof. Pick a Z 2 -invariant finite cover V of M by sufficiently small open sets. Then,
) is a filtered complex with
is compatible with filtrations, the filtration on the right being induced by the filtration on
pq -terms of the corresponding spectral sequences are
Z 2 ) respectively. The spectral sequences on both sides converge by the complete convergence theorem. It therefore, remains to verify that the induced map on E 1 pq terms described above is an isomorphism. Let C p denote the B ǫ -presheaf of algebras such that C p (V ) = C ∞ (V ) and
As in the step immediately after Proposition 8, we construct a presheaf of algebras out of C p , which we shall continue to denote by C. An argument essentially identical to that used to reduce Proposition 10 to the above verification can be further used to reduce the above verification to a verification that the natural map between HH • (C ∞ (M/Z 2 )) and
The latter is precisely the hypercohomology
) is a complex of fine presheaves on M/Z 2 , the hypercohomology
). The Hochschild k-chains in this complex are germs along the principal diagonal X → X k of smooth functions on X k , where X = M/Z 2 . We are therefore, reduced to showing that the Hochschild complexes C
give the same homology. The localisation argument in Section 3 of [Te] , which works for M/Z 2 as well, does exactly this.
We postpone the proof of the following proposition to Section 4. Let i l : M 
The following theorem is an immediate consequence of Proposition 10 and Proposition 12.
Theorem 4. ( 2 )). We remark that the right hand side of (26) is the Chen-Ruan (or "stringy") cohomology H
Given Theorem 4, one is initially tempted to follow the Van Den Bergh duality arguments in Proposition 6 of [DE] and then appeal to Van Den Bergh duality to compute
). However, even in the bornological setting, it is not clear that A M/Z 2 (( 1 ))(( 2 )) has a bimodule resolution by finitely generated projective A M/Z 2 (( 1 ))(( 2 ))-bimodules. We therefore, adopt different method inspired by [Menc] to show that one has a Van Den Bergh duality type isomorphism relating Hochschild cohomology to homology in our situation.
Let A := A M (( )) be the Fedosov quantization of C ∞ (M) with Weyl curvature ω. Consider the algebra B := A ⋊ Z 2 . Following [PPT] and [EF] , one can construct trace density maps
for each l ≥ 0. Here, for l > 1, M γ 2l denotes the collection of components of M γ of codimension 2l. By convention, M γ 0 := M. Recall, for instance, from [DE] 
Z 2 . The map induced on homologies by χ 0 , after this identification, coincides with the map induced on homologies by the trace denisty χ F F S that one may construct in the situation of [FFS] following [EF] . We also remark that the constructions of the χ l are local in nature on X := M/Z 2 . Let θ be a Hochschild 2n-cycle of B such that χ 0 (θ) = 1. The cap product with θ gives a map of complexes
Proposition 13. θ ∩ − is a quasi-isomorphism.
Proof. Recall that X := M/Z 2 . Let C B,• denote the chain complex of sheaves on X whose k-chains are given by the sheaf associated with the presheaf
Here, π : M → X is the natural projection. Let C
• B denote the cochain complex of sheaves (with Hochschild coboundary) whose sheaf of k-cochains is the sheafification of the presheaf
Here the subscript "loc" means that we only include those cochain Ψ of Hom(( (B, B) denote the subcomplex of C
• (B, B) comprising of cochains satisfying the locality condition (27) . By Proposition 4.1 of [PPTT] , the natural map of complexes C
is a quasi-isomorphism. Using a spectral sequence argument as well as a localisation procedure similar to that in [Te] , [NPPT] show that the natural maps C • (B) → C B,• (X) and C To see why this is the case, observe that even though θ| U is not compactly supported, its cap product with an element Ψ of C k loc (B(U), B(U)) is well defined. This is because Ψ(a 1 , .., a k ) makes sense even if a 1 ⊗ ... ⊗ a k is not compactly supported: the condition (27) is equivalent to the condition that for any x in π −1 (U), ψ(a 1 , ..., a k )(x) depends only on the jets of a 1 , .., a k at x and at γ.x (see, for instance, the proof of Proposition 4.11 of [PPTT] ). It follows that θ ∩ − is defined as a map of complexes of sheaves from C • B to C B,2n−• . Hence, one has the following commutative diagram,
.
Since the vertical arrows in the above diagram are quasi-isomorphisms, it suffices to check that the bottom arrow is a quasi-isomorphism. Since C B,• as well as C • B are complexes of fine sheaves on X, the bottom arrow in the above diagram is the map induced by θ ∩ − on hypercohomologies. It therefore, suffices to verify that θ ∩ − : C • B → C B,2n−• is a quasi-isomorphism of complexes of sheaves on X. This is a local verification. We outline it for a sufficiently small Darboux neighborhood U := V /Z 2 of a point on the singular locus of X. The (more straightforward) verification for U a neighborhood of a point not contained in the singular locus is left to the reader.
Let V be have Darboux coordinates p 1 , q 1 , .., p n , q n with x 2i−1 := p i and x 2i := q i . By Theorem 5.5.1 of [F] , we may assume that A V is isomorphic to a quantum algebra with trivial Fedosov connection. Note that θ| U is a Hochschild 2n-cycle of A V ⋊ Z 2 such that χ 0 (θ| U ) = 1. We need to check that θ| U ∩ − is a quasiisomorphism. Recall that
Since χ 0 (θ| U ) = 1 and χ F F S (c 2n ) = 1, our verification will be complete once we check that
is indeed a quasiisomorphism: the only nontrivial cohomology on the left hand side is generated by the 0-cocycle 1, and c 2n ∩ 1 = c 2n .
It remains to check that c 2n ∩ − : C
For this, we assume without loss of generality that γ fixes x 1 , ..., x 2n−2l . As in the proof of Proposition 4.4 of [PPTT] , one still has a Koszul resolution of A cpt,V as A cpt,V ⊗ A op cpt,V -bimodules. Using this resolution, HH
• (A cpt,V , A V,γ ) may be calculated as the cohomology of the complex
Here, y i := x 2i+1 for 1 ≤ i ≤ n and y i := x 2(i−n) for i = n + 1, .., 2n. W denotes the linear span of the ∂y i 's. Further, one has a projection from the (reduced) cochain complex C
Moreover, there exists a generator Ψ γ of the unique nonzero cohomology of C • loc (A V , A V,γ ) whose restriction to ∧ 2l W * coincides with ∂y 2n−2l+1 ∧ .... ∧ ∂y 2n . Now, c 2n may be viewed as the shuffle product of c 2n−2l formed out of x 1 , .., x 2n−2l and c 2l formed out of x 2n−2l+1 , ...., x 2n . This makes it easy to see that
where the right hand side of the above equation is formed our of x 1 , .., x 2n−2l . The latter is the generator of the (unique) nonzero homology HH 2n−2l (A V , A V,γ ).
Theorem 5. ( 1 )). Let P := eB and let Q := Be where e := 1+γ 2
. There are natural bimodule isomorphisms u : P ⊗ B Q → A 0 and v : Q ⊗ A 0 P → B. One checks that (A 0 , B, P, Q, u, v) forms a Morita context in the sense of Appendix A7 of [PPTT] . It follows that A 0 and B are Morita equivalent as bornological algebras.
Since HH 2n (B) ∼ = C(( 1 )), Proposition 13 can be restated to say that the map
of C(( 1 ))-modules is an isomorphism. Since A 0 and B are Morita equivalent as bornological algebras, the map
is an isomorphism of C(( 1 ))-modules.
2 ))) are complexes filtered by powers of 2 . By Theorem 4 and C(( 1 ))(( 2 ))-linearity, there exists a 2n-cycle θ in
representing a nonzero homology class in HH 2n (A M/Z 2 (( 1 ))(( 2 ))). We claim that for a suitable choice of θ, θ ∩ − is an isomorphism. Let θ 0 denote the image of θ under the map of chain complexes induced by the homomorphism A M/Z 2 (( 1 )) [[ 2 ] ] mapping 2 to 0. Note that θ ∩ − is a map of filtered complexes whose associated graded map is θ 0 ∩ −. Since the map (29) is an isomorphism, θ 0 ∩ − is an isomorphism whenever [θ 0 ] = 0. We therefore, need to show the existence of a 2n-cycle θ of
and [θ 0 ] = 0. Proposition 17 in Section 4.5 does exactly this, proving the desired theorem.
Traces.
As in Section 2.4, K := C(( 1 ))(( 2 )). We construct a trace density
). This is a map of complexes of K-vector spaces (with the right hand side equipped with the de-Rham differential). We prove an algebraic index theorem computing χ γ (1). In fact, our construction of the trace density χ γ extends to yield a map of complexes of presheaves ( 2 )) can be constructed for l > 1. The key parts of the latter construction are in [PPT] . We skip the latter construction in order to avoid being repetitive. We also construct a map
in the derived category of presheaves on M. At the end of this section, we will show that λ ⊕ µ is a quasi-isomorphism when M γ = M γ 2 . More generally, the same method (with some more notation chasing) as that used in the end of this section shows that ⊕ l>1 λ l ⊕ λ ⊕ µ is a quasi-isomorphism. This completes the proof of Theorem 4. The map µ mentioned above yields a trace χ 0 on A M/Z 2 (( 1 ))(( 2 )) such that χ 0 and χ γ are linearly independent over C(( 1 ))(( 2 )). In Section 4.5, we discuss some basic properties of χ 0 . In the process, we obtain a proposition that completes the proof of Theorem 5. 4.1. Preliminaries. Notations in this section are as in Section 3.1.1. Recall that a sheaf A D of algebras on M γ 2 is constructed by constructing a Fedosov connection D on
In [HT] , D was constructed starting with a symplectic connection ∇ T on T M γ 2 and a Hermitian connection ∇ N on N. These induce connections ∂ T and ∂ N on W and V respectively. This makes ∇ :
Recall from equation (12) that one has a map of Lie algebras
) V of bundles of Lie algebras over M γ 2 . We recall from [HT] 
We remark that changing ∇ T and ∇ N changes ∇ (and hence, A) by an element of
4.2. The first trace: construction of χ γ . The construction of χ γ follows the trace density construction from [EF] . Since this construction has been done in detail even in subsequent works (see [PPT2] , [W] and [R] , [S] for analogs of this construction for cyclic and Lie chains respectively), we just specify the steps in this construction without providing detailed proofs of their validity. 
Recall that A D is the sheaf of degree 0 flat sections of (
. Let × denote the shuffle product on Hochschild chains and let (θ) k denote the Hochschild chain 1 ⊗ θ ⊗ ... ⊗ θ with k factors θ. Following [EF] , one constructs a map
of complexes of sheaves on U. We remark that in [EF] , dθ + 
Since the cocycle ψ 2n−2 is sp 2n−2 (K) ⊕ u 1 (K)-basic (see Proposition 4), this change leaves the map χ γ unchanged. As a result, the map χ γ is well defined globally on M γ 2 , giving us a map of complexes
(note that there is a natural map of algebras A M/Z 2 (( 1 ))(( 2 )) → A D ). Also, after a choice of trivialization of T M γ 2 and of N over U, A differs from θ by an element of Ω 1 (U, sp 2n−2 (K) ⊕ u 1 (K)). It follows that equation (34) may be rewritten as
4.2.1. A basic example. Let us consider the case when M ⊂ R 2n is an open neighborhood of the origin with symplectic form ∂y i . We remark that here, x 2i−1 = p i and x 2i = q i with y i being the corresponding fiberwise coordinates. For this trivial Fedosov connection, the form θ is given by 1≤i,j≤2n−2 ω ij y i dx j where ω ij = 1 if {i, j} = {2k − 1, 2k} for some k and ω ij = 0 otherwise. Therefore,
) dp 1 ∧ dq 1 ∧ .... ∧ dp n−1 ∧ dq n−1 .
For any function on M of the form F = f (p, q).g(z,z), we see that
= φ(g)f dp 1 ∧ dq 1 ∧ .... ∧ dp n−1 ∧ dq n−1 . Here, φ(g) is given by the formula in Theorem 2. We may therefore, rewrite the above local formula as
One can then argue as in the end of the proof of Theorem 2 to show that equation (36) is valid for arbitrary functions on M as well. Another point to note is that
4.2.2.
A remark for general M. We return to the general case, as in the beginning of this section. We recall from [F] (see Section 5) that for every x ∈ M γ 2 , the symplectic form ω on M may be identified with n−1 i=1 dp i ∧ dq i + 1 2i dz ∧ dz over V := N α,U for sufficiently small α for some neighborhood U of x in M γ 2 . We denote the trivial Fedosov connection in Example 4.2.1 by D 0 . We also denote the corresponding sheaf of algebras on U by A D 0 . Further, by imitating the proof of Theorem 5.5.1 in [F1] , one can prove the following analog of the "quantum Darboux theorem" (Theorem 5.5.1 of [F1] ). Theorem 6. The 2n − 2-form
is an exact form on M γ 2 .
Proof.
By Theorem 3, it follows that modulo exact forms,
Hence, for any vector fields ξ 1 , ...
As in [FFS] , A may be chosen so that pr(A) = 0. In this case, for smooth vector fields ξ, η on M,
The last equality above is due to (32). It follows that
Recall that for any
where the element P of (S n−1 h * ) h is being viewed as a linear form h ⊗n−1 in the left hand side and a polynomial function on h in the right hand side of the above equation. Hence, modulo exact forms,
This completes the proof of the desired result.
4.4. Proof of Proposition 12. We will prove the proposition for the case when M γ = M γ 2 . The general case is proven in a completely similar fashion (with some extra notation to keep track of). For this case, we shall denote i 2 by i. Let j : M − = M \ M γ → M denote the natural inclusion. Let C sh • (A Dunkl (( 1 ))(( 2 ))) denote the sheafification of the complex of presheaves C • (A Dunkl (( 1 ))(( 2 ))). We note that j * C sh • (A Dunkl (( 1 ))(( 2 ))) = C sh • (A M − (( 1 ))(( 2 ))) where A M − (( 1 ))(( 2 )) is the Fedosov quantization of the sheaf of smooth functions on M − with Weyl curvature ω. One can apply the trace density construction of [EF] to extend the construction in [FFS] to a map of complexes χ ( 2 )). One has the following composite map in the derived category D(Sh K (M)) of sheaves of K-vector spaces on M, which we shall denote by µ sh .
The last isomorphism in D(Sh K (M)) is because K is an injective sheaf on M − (which implies that Rj * K M − ∼ = R 0 j * K M − ) and also because M γ 2 is of codimension 2 (which implies that R 0 j * K M − ∼ = K). As a result, in the derived category D(PrSh K (M)) of presheaves of K-vector spaces on M, one obtains the following composite map, which shall be denoted by µ,
Here, the first arrow is sheafification and the second arrow is forgetful functor applied to µ sh . Proposition 12 is implied by the following stronger proposition.
Proof. It suffices to verify that for sufficiently small open subsets V of M, (µ ⊕ λ)| V induces an isomorphism on homologies. We will do this case by case. 
). The first arrow in the above composition is a term by term isomorphism of complexes of presheaves on V . The second arrow is known to be a quasi-isomorphism. The reader may see [EF] for the analogous assertion for the Hochschild chain complex of the sheaf of holomorphic differential operators on a compact, complex manifold. Also, a cyclic homology analog of this assertion is available in Section 5.2 of [W] . ( 1 ))(( 2 )))| V inducing the identity on homologies. For the rest of this proof, we will identify C • (A Dunkl (( 1 ))(( 2 )))| V as well as its sheafification with K V [2n] ⊕ i * K U [2n − 2] wherever it is convenient for us to do so. With this identification, one may view µ sh | V as a map in D(Sh K (V )) from
It follows that the composite map
is zero in D(Sh K (V )). On the other hand, the composite map
is nonzero. This is because, applying j * to the above composite gives the composite map
which is the identity if the first quasi-isomorphism above is suitably chosen. It follows that the composite map
is an isomorphism in D(PrSh K (V )) and the composite map
is zero in D(PrSh K (V )).
The remaining task is to check that the composite map
is zero and that the composite map
is an isomorphism in D(PrSh K (V )). We first note that by its very construction, λ factors through C sh • (A Dunkl (( 1 ))(( 2 )))| V . We may therefore, verify these facts in D(Sh K (V )). For the first of the above two facts, note that
